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Abstract. We define an intersection product of tropical cycles on matroid varieties 
(via cutting out the diagonal) and show that it is well-behaved. In particular, this en- 
ables us to intersect cycles on moduli spaces of tropical rational marked curves Mn and 
jVl'*(A, R*"). This intersection product can be extended to smooth varieties (whose local 
models are matroid varieties). We also study pull-backs of cycles and rational equivalence. 



1. Introduction 

For each loopfree matroid M with ground set E there is an associated tropical cycle 
B(M) C M^. It is a fan with lineality space M • (1, . . . , 1) whose dimension is equal to the 
rank of the matroid. These objects, which we call matroid varieties here, have been stud- 



ied, among others, by Sturmfels, Ardila, Klivans, Speyer and Feichtner |S3 AK S2 FS|. 
Matroid varieties generalise the tropicalisations of classical linear spaces and can therefore 
be considered as tropical linear spaces. In particular, they are natural candidates for being 
the local building blocks of smooth tropical varieties. Therefore, it has been expected that 
on such spaces a well-behaved intersection product of tropical subcycles exists. The aim 
of this article is to construct this intersection product, to analyse some of its properties and 



to relate it to other notions such as rational equivalence. As in | ARl section 9] for E" and 
in |A1 section 1] for LJ!, our construction is based on finding rational functions on the 



product B(M) x B(Af) which cut out the diagonal AB(Af)- 

An intersection product on matroid varieties was presented before by Kristin Shaw (cf 
pi)). Her alternative approach uses tropical modifications to give a recursive definition. 
In particular, the observation that elementary quotients of matroids correspond to tropical 
modifications is due to her In theorem [8. 10| we show that both definitions of intersection 
products on matroid varieties agree — therefore, the advantages of both approaches can be 
combined. 

In section 3 we show that any matroid variety contained in a second one can be cut out 
from the second one by explicitly given rational functions. Applying this in section 4 to 
the diagonal of a matroid variety sitting in the cartesian product enables us to construct an 
intersection product of cycles on B(Af) having the usual properties. 

In our terminology, B(A/) denotes a "tropical affine cone" with lineality space L = M • 
(1, . . . , 1). A priori, our intersection product is defined on this cycle. Therefore, section 5 
is devoted to carrying over this intersection product to the projectivisation B(A/) /L. This 
is a mainly technical task. In section 6, we give a definition of smooth tropical varieties 
(whose local models are B(Af and extend the intersection product to this case. 

As an application, in section 7 we identify (on the level of tropical varieties) the moduli 
spaces of tropical rational curves A^„ and 7M',j''(A, M*") with matroid varieties obtained 
from the complete graph Kn-i and hence get an intersection product on these spaces. 
Finally, in sections 8 resp. 9 we study pull-backs of cycles resp. rational equivalence. 
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Convention 1.1. In the following, unless explicitly told otherwise, all matroids are assumed 
to be loopfree (that means that each element of the ground set has rank 1). 



2. Preliminaries 

We start with recalling the definition of a matroid variety. We state a few general results 
about matroid varieties which are needed in the following. 

Let M = {E, B) be a loopfree matroid of rank r(M) with ground set i? = {!,..., n}. 
It defines a tropical fan cycle B(il/) of dimension r(M) in M" whose support set can be 
described as follows: To each point p G M" one can associate a matroid Mp whose bases 
are the p-minimum bases of M (where the p-weight of a basis B is X^ies Pi)- The point 
p lies in the support of B(Af) if and only if the matroid Mp is (still) loopfree. As tropical 
cycle, B(M) can be obtained from the unimodular fan B{M) consisting of the cones 

■= jll • ■tV. : Ai, . . . , Ap_i > 0, Ap e m| , 

where J" = (0 C i^i C . . . C Fp_i C i^p = is a chain of flats in M, and Vp 
— X^ieF denotes the vector corresponding to the flat F. Here {ei, . . . , e„} denotes the 
standard basis of M". Equipped with trivial weights 1 for each facet, B{M) is balanced (as 
defined for example in [.ARl, 2.6]). We call the resulting tropical cycle B(Af) the matroid 
variety corresponding to M. Following ]AK) , we call B{M) the fine subdivision of B(M). 
Note that, by definition, B(A/) has lineality space M • (ei + . . . + e„). 

The following picture shows the fine subdivision of the matroid variety B(C/3 4) (modulo 
its lineality space M • (1, 1, 1, 1)). Here [/a 4 denotes the uniform matroid of rank 3 on the 
set N := {1, 2, 3, 4} whose bases are the 3-subsets of N (cf. example [7. 1| . The maximal 
cones of 6(C/3,4) are of the form (0 C {i} C C {1,2,3,4}). 
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Recall that the direct sum M ® N of two matroids A/ and N is the matroid whose ground 
set is the disjoint union E(M) U E{N) and whose set of bases is the set {Bm W Bjv : 
Bm, Bn bases of M, N respectively}. 

Lemma 2.1. Let M, N be matroids. Then the two tropical cycles B(M N) and B(Af) x 
B(iV) are equal. 

Proof. The equality of the support sets follows from the equality of matroids 

(M®iV)(p,q) = Mp(BNq 



(see also | S2 proposition 2.5]). As all occurring weights are 1, that also shows the equality 



of the cycles. □ 

Our next remark about matroid varieties concerns their local structure. Let us fix our 
terminology first. 

Let X be a tropical cycle in a vector space V and let p be a point in X. We define Star^ {p) 
to be the cycle (in V) associated to Siaix{{p}) (cf. |jR] section L2.3]), where A" is a 
polyhedral structure of X containing the cell {p}. In other words, Stsixiv) is the fan 
cycle containing all vectors v such that p + ev G \X\ for sufficiently small (positive) e 
(with inherited weights). 

Lemma 2.2. Let B(Af) be a matroid variety and p a point in B(A/). Then we have 

StarB(Af)(p) = B{Mp), 
where Mp is the matroid whose bases are the p-minimum bases of M. 

Proof. The statement follows from the identity Afp+c„ = {Mp)^ for any vector v and 
sufficiently small e. □ 



Any matroid Ad can be decomposed into a direct sum M = Mi © • • • ® of connected 
submatroids which is unique up to reordering (cf. |jO^ corollary 4.2.13]). It follows from 



lemma 2.1 that the (maximal) lineality space of B(Af) is of dimension at least the number 
of connected components k. Here, a lineality space L of a tropical cycle C C M" is a 
subspace of M" such that C is invariant under translations by vectors in L (see section |5] 
for further terminology). The next lemma states that equality holds. 

Lemma 2.3. Let M be a matroid on the ground set E and let B(Af ) be the corresponding 
matroid variety. Let L be its maximal lineality space. Then the equation 

dim(L) = number of connected components of M 

holds. In particular, if M is connected, then L is just spanned by [1^ ... ^ 1). 



Proof. Obviously, it suffices to show that M is disconnected if dim(L) > 1. So let us 
assume that L is more than the span of (1, . . . , 1). Then L must contain some vector Vs 
with $ C S C E. The fact that Vs is contained in the lineality space of B(Af) means that 
Mxvs stays the same for all A € M; in particular, Afy^ = Af . Hence all bases of M have 
the same y^-weight, i.e. have the same number of elements in S (resp. E \ S). This shows 
that 5* is a separator (i.e. a union of connected components). □ 

We finish this section by showing that a matroid variety B(Af) is always irreducible (i.e. 
any subcycle X of B(A/) of the same dimension is X — m ■ B(Af ) for some integer m). 
Moreover, by lemma [2!2] this implies that a matroid variety B(Af) is locally irreducible (i.e. 
for every point p in B(A/), the local fan StarB(M) (p) is also irreducible, cf. |jRj definition 
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1.2.27]). To show UTeducibility, let us recall that for any cycle X C M" of pure dimension 
k the projective degree of X is given by 

dcg(X) := deg(max{0, xi, . . . , a:„}"-'= • X). 



It follows easily from |S2| section 3] that each matroid variety has projective degree 1 
(moreover. Fink shows a converse statement in pP, theorem 6.5]). As in the classical case, 
this implies irreducibility, though this implication is not quite as trivial as B(M) could be 
split into cycles with possibly negative weights. 



Lemma 2.4. Each matroid variety B(M) is irreducible, and therefore, by lemma 2.2 also 
locally irreducible. 

Proof. Let k be the dimension of B(Af ) and let iJ be a translation of 

max{0,a;i,...,x„}"-'= -M". 

As deg(B(Af)) — 1 and both B(M) and H carry only positive weights, it is not hard to 
see that for a generic point p in B(M), there is a suitable translation H such that {p} = 
I B(M)| n Now let X be a subcycle of B(Af ) of the same dimension. For p and H as 
before, we must have H ■ X = dcg(X) • {p}, and therefore X — deg{X) ■ B(A/). □ 



3. Matroid quotients and rational functions 



Let us fix a set E with n elements and let O be the (trivial) matroid of rank n on E (i.e. 
the only basis is given by the whole set E). Following the construction of | |AK| described 
earlier, we get a subdivision B{0) of M", with minimal cone M • (1, .... 1), which is also 
called braid arrangement. By construction, any other matroid M on n elements produces 
a subfan B{M) of this subdivision B{0). For two matroids M and N , we conclude 

\B{N)\C\B{M)\ ^ B{N)CB{M) ^ {flats of iV} C {flats of M}. 

In the following, we just write B(A^) C B(Af) in this situation. The last equivalence has 
the following consequences on the rank functions of M and N. 

Lemma 3.1. Let M and N be matroids of rank r resp. s such that B(Af) C B(A//). Let 
AQ B be arbitrary subsets of E. Then the equation 

vm[A) - vn{A) < im{B) ~ rjv(-B) 

holds. Plugging in A ~ $ and B ~ E, we obtain 

^NiA) < TMiA) <rN{A)+r-s. 

Proof. As cIm(^) C c\n{A) for any set A, we can assume that A and B are closed in A4. 
By induction, we can also assume i'm {B)—tm {A) = 1, i.e. B = cIm (AUx) for an element 
X e B\A. It follows cl7v(-B) = clAr(clAf(AUa:;)) = clNiAUx), i.e. rAr(B) -rAr(yl) < 1, 
which proves the claim. Another proof is contained in I^O^ proposition 7.3.6]. □ 

We will now see that there is a notion in matroid theory which captures containment of ma- 
troid varieties. This notion is based on the following standard constructions for matroids. 

Let Q be a matroid on the set £' U i?. Then the deletion Q\Ris the matroid on E given 
by the rank function 

^Q\RiA)^lQ{A), 

whereas the contraction Q/Ris the (potentially not loopfree) matroid on E given by 

iQ/R{A)^rQ{AUR)-iQ{K). 

Note that Q /R is loopfree if and only if i? is a flat in Q. The next definition (following 
[ [O] section 7.3]) combines both operations. 
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Definition 3.2. Let M and N be matroids of rank r resp. s on the same ground set E. We 
call N a quotient of M if there exists a third matroid Q on the ground set i? U i? such that 
M ^ Q\Rand N = Q/R. In this case, we have r - s = rQ{E) + rgiR) - tqIQ). 
Furthermore, if r — s = 1, we call N an elementary quotient of M. 

Now, in fact, containment of matroid varieties is related to quotients as follows. 

Proposition 3.3. The matroid variety B(A'^) is a subcycle ofJi{M) if and only if N is a 
quotient of M. 

A quite lengthy proof can be found in ||0] proposition 7.3.6]. To be self-contained, we give 
a short proof here. We use the following criterion for rank functions. 

Theorem 3.4 (|0 1 theorem 1 .4. 14). Let r be an integer valued function on the set of subsets 
of E. Then r is the rank function of a matroid if and only it satisfies the following properties. 

(1) r(0) = 0. 

(2) If A C E and X e E, then r{A) < r{A U x) < t{A) + 1. 

(3) If A C Eandx,y G E such that r{AUx) = r(^Uy) = r{A), thenr^AUxUy) = 
r{A). 



Proof of proposition \3.3\ If TV is a quotient of M, then it follows straight from the defini- 
tions that any flat of N is also closed in M. This proves one imphcation. 

For the other direction, let us assume B(A^) C B(A/). First, we fix a set R with r — s 
elements. We define a matroid Q on i? U i? by assigning to each subset Hii J C E^ii R the 
rank 

rQ(/U J) =min{rM(/) + |J|,rjv(/) + r-s}. (3.1) 



indeed Q\R = M and Q/R^N. 



Using the inequalities of lemma 3.1 and plugging in / U 0, / U i? and U i?, we see that 



It remains to check, by using the criteria of theorem 3.4 that rg is indeed a rank function. 
The first criterion is trivial, the second one follows from the corresponding property of im 
and Tat . As for the third criterion, for a given yl = / U J, note that if adding an element x 
does not increase the first term of the minimum in equation then it does not increase 
the second term either, as we have r7v(/ U x) — rjv(/) < ^m{I U x) — by lemma 



3.1 So the third property follows from the respective property of rjy (if the minimum 
in equation ( |3.1| i is attained in the second term) and rj\/ (otherwise). This finishes the 
proof □ 

Remark 3.5. Note that the matroid Q we constructed is minimal in the following sense. It 
is loopfree, R is independent and closed in Q and i{Q) — r(il/) (cf. ||0| lemma 7.3.3]). 



Let us use proposition 3.3 now. We start again with two matroids N and M such that 
B(iV) C B(Af ). Let Q be the matroid we constructed in the previous proof and assume 
R = {1, . . . ,r — s}. Instead of deleting (or contracting) the whole set R we might do the 
following: For given i,j > with i + j < r — s, we can define the matroid 

Q\^/J ■■= iQ\{l,..i})/{i + l,...,i + ]} 

on the ground set E ^ {i + j + 1, . . . ,r — s}. Of course, as Q is symmetric in R, we could 
as well have chosen any other subsets of R with i resp. j elements. Particularly interesting 
are the matroids Mi Q \ i /{r — s) — i with ground set E. We see directly from the 
definition that Mq — N, M^-s — M and {E) = s + i. Moreover, one can easily check 
that B(il/i) C B(Afj) holds for all i < j (either by computing the flats using for example 
[ [o] proposition 3.3.1] or by noting that Q\i /(?■ — s) — j is a matroid that makes Mi a 
quotient of Mj). The rank function of Mi is given by 

tmAA) ■■= min{rAr(^) + i, tm{A)}. 
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Summarising, we get the following statement. 

Corollary 3.6. Let M and N be matroids of rank r resp. s such that B(iV) C B(M). 
Then there exists a sequence of matroids Mi with the properties Mq = N, Mr-s = M, 
ymAE) = rN{E) + t, andB{M,) C B(Af,+i). 

Remark 3.7. The matroid-theoretic counterpart of this statement can be found in |[Oj propo- 
sition 7.3.5]. 

The previous corollary suggests to study elementary quotients in more detail. Before we 
do that, let us have a look towards the geometric meaning of deletions and contractions of 
matroids. 

Let Q be matroid on the set Eli) R and let B{Q) be its matroid variety in ^ ^. Assume 
that i? is a flat of Q (i.e. Q/R is loopfree) and that there exists a basis B of Q such that 
RnB — (i.e. r(Q) = r(Q\i?)). From that, we construct two tropical cycles in M.^. First, 

the projection map tt/j : M.^ ^ ^ ^ j^-E produces the push-forward (ttj,;)* (B((5)) (for the 
definition of push-forward, see e.g. ||Rj definition 1.3.6]). Second, we can take the closure 

of B(g) in (M U {-oo})^ ^ ^ and perform the intersection B{Q) D (M^ x {-oo}^) with 
a coordinate plane at infinity. In other words, we intersect B{Q) with x {— A}^, where 
A is a large real number Let us denote the resulting set/cycle in by B{Q)'^^. Now, the 
following statement relates these geometric constructions to the matroid-theoretic notions 
of contraction and deletion. 

Lemma 3.8. With the notations and assumptions from above, we see that the deletion of 
R corresponds to projecting, i.e. 

B(g\i?) = (7rfl,),(B(Q)), 

and the contraction of R corresponds to intersecting with the appropriate coordinate hy- 
perplane at infinity, i.e. 

B(Q/i?) = B(g)n^. 
Moreover, the map tt^ : B(Q) — > B((3 \ -R) is generically one-to-one. 

Remark 3.9. Note that, if the matroid Q is realisable, then the analogue classical statement 
is well-known. See also |S1 , section 2] for similar statements. 



Proof of lemma 3.8 For the first equation, let cr be a cone in B{Q) and let J-^ = (0 C Fi C 
... C Fr)he the corresponding chain of flats in Q. Then the projection of a along tth is 
obviously given by the chain Q with Gi ~ Fi\ R, which is a chain of flats in Q\R. Hence 
ttr{(j) is a cone in B{Q \ R). Furthermore, for any maximal chain Q of flats in Q \ i?, there 
is exactly one "lifted" chain namely given by Fi = c\Q{Gi). Note that is maximal as 
we assume that Q and Q\R have the same rank. Thus for each maximal cone of B{Q \ R) 
there is exactly one maximal cone in B{Q) mapping to it (with trivial lattice index) and Tr^j 
is one-to-one over points in the interior of maximal cones. 

For the second equation, we have the following chain of equivalences. 

p e B(O)'^^ ^ (p, -A, . . . , -A) e B(Q) for large A 
^ Q{p.-\....-\) loopfree for large A 

<^ for all a e i? there exists a basis B of Q such that a E B, \B H R.\ = tq{R) 

and B O E is p-minimal 

<^ for all a E E there exists a p-minimal basis B' of Q/R such that a £ B' 

^ (Q/i?)p loopfree peB{Q/R) 

In the middle step we use that bases B' of Q /R are exactly obtained as B' — BDE, where 
S is basis of Q with |S n i?| =rQ(i?). □ 
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We now turn to the case of elementary quotients. Using the above description we will 
see that they are in fact related to modifications in the sense of Mikhalkin (cf. ||M)). This 
observation was first made by Kristin Shaw (cf. ]S1| proposition 2.24], to which we also 
refer for further details). 

Proposition 3.10. Let M and N be matwids of rank r resp. r— 1 suc h that B( A^) C B(M). 



Let Q be the matroid on EU{e} constructed in proposition 3.3 with Q \ e ~ M and 
Q/e = N. Then B((5) is a modification o/B(Af) along the divisor B(A^) in the sense of 
[ |m] section 3.3]. The modification function ip on B(M) is given by its values on the vectors 
Vf, F closed in M as 

<^(V» -rjv(F)-rM(F). 
In particular, the divisor of (p is ■ B(Af ) — 'Q{N). 

Proof. Let if be as defined above. According to our definitions it satisfies 



and therefore the graph of Lp is contained in B(Q). By remark 3.5 we can use lemma 3.8 



see that in fact B((5) is the tropical completion of the graph (as in e.g. |AR1 



to 



construction 



3.3]), i.e. the unique tropical cycle containing the graph and with additional facets only in 
direction Vjej. Therefore B(A^) — B(Q)'^^ is exactly the divisor of p. □ 

Let us now collect the previous results in the following important corollary. 

Corollary 3.11. Let M, N be matroids such that B(A^) is a codimension k subcycle of 
B(il/). Then there are rational functions ipi, . . . , ipk such that ipi ■ ■ ■ ipk ■ B(Af) = B(iV). 



4. The intersection product on matroid varieties 

Our next aim is to use the results of the previous section to find rational functions cutting 
out the diagonal Ab(a/) in the product B(A/) x B{M). In fact, the only thing which is 
left to do is to observe that both Aq(^m) B{M) x B{M) are indeed matroid varieties. 



We know akeady from lemma 2.1 that B{M) x B(M) = B(M M). Next, we give 
the necessary definition concerning the diagonal Abja/). Here, A-q(^m) denotes the push- 
forward of B(Af ) along the map B(M) B{M) x B(M), x ^ (x, x). 

Definition 4.1. Let M be a matroid on the set E. We define Am to be the matroid having 
the ground set i? U and the rank function ta^ ^ := rj\/(y4 U B). 



The criteria of theorem 3.4 can be easily checked for the function ta^^ so this really 
defines a matroid. It is also easy to see that {F iii F : F flat in M} is the set of flats in 
Am- Therefore, |S(Am)| = | Ab(a/) |, and we can conclude that the cycles 

B(Am) = Ab(m) 
are equal. Now we are ready to state the following main result. 

Corollary 4.2. Let M be a matroid of rank r. Then there exist piecewise linear functions 
ipi, . . . ,ipr on B(Af) X B(M) which cut out the diagonal Ab(m). 

Ab(m) = V3i • • • (^r • B(A/) X B(Af). 
In fact, for the containment B(Am) Q B{M M) the intermediate matroids Mi from 



corollary 3.6 can be computed to have rank function 

rM,(v4UB) =min{rM(AUB) + z, t:m{A) +^m{B)}, 
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and following proposition \3.10\ we can choose Lpi to be given by 

. /-I, if tm{A) + tm{B) - tm{A UB)>i 

where F = A[:JBisaflat of M ® M. 

As an immediate consequence of this fact, in complete analogy to JAR II, definition 9.3] 
and I Al definition 1.16], we can now define an intersection product of cycles in matroid 
varieties. 

Definition 4.3. Let C, D be subcycles of B(Af) of codimension s and p. We define the 

intersection product C ■ D € Zr-s-p(B(Af)) of the cycles C and D in B(M) as 

C-L» = 7r,(^^---(/?i -Cx D), 
where tt : B(7\f ) x B(M) — > B(Af) is the projection to the first factor. 

Note that here and in the following, we a priori stick to the definition of the functions Lpi in 
the last part of corollary 4.2 However, we will see later that the definition is independent 
of all choices. There is only one lemma to prove before we can list the basic properties of 
the intersection product. 

Lemma 4.4. Let C, D be cycles in B(M). Then ipr ■ • • ifi • C x D is a subcycle of l^B{My 
In particular, the definition ofC-D does not depend on the chosen projection. 

Proof. We prove by induction over k that 

\^k---Vi-C y. D\Q\^k---Vi- B(Af ) X B(Af )| . 
for all fc = 1, . . . , r, where the case k — r proves the claim. It is clear that 

-ipk-l-'-Vl - C X D\C |(Pfc||y,_,...^,.Cxi3||. 

where the right hand side is the locus of non-linearity of the restriction of (pk to the support 
of (pk-i ■ ■ ■ (fi ■ C X D. By the induction hypothesis, the right hand side is contained in 

\'Pk\\^^_i...^i.-B(M)xB(M)\\- 

Since (pk-i ■ ■ ■ ^Pi ■ B{AI) x B{AI) is a matroid variety, and hence locally irreducible, it 
follows byfRj 1.2.31] that 

l'/'fc||v,_i...<pi.B(M)xB(Af)|l ^\(Pk---^i •B(Af) X B(Af)|. 

□ 

Tlieorem 4.5. For all subcycles C, D, E o/B(Af), the following properties hold: 

(1) c \c\n\D\. 

(2) IfC and D are fans, then C ■ D is a fan, too. 

(3) {ip ■ C) ■ D — if ■ {C ■ D) for any Cartier divisor Lp on C. 

(4) C • B(Af) = C. 

(5) CD^ DC. 

(6) IfC ^^Pi--- TPs- B(A/), then C ■ D ^ ■ ■ ■ ■ D. 

(7) [C ■ D) ■ E ^C ■ {D ■ E). 

(8) {C + D) ■ E = C ■ E + D ■ E. 



Proof. (1) follows directly from lemma 4.4 Everything else except (4) follows either 
directly or can be deduced in exactly the same way as in the M'"-case (cf. ||R] 1.5.2, 1.5.5, 
1.5.6, 1.5.9] or | |ART| section 9]). 

It remains to prove (4). By (8) it suffices to prove (4) for irreducible cycles C. We know by 
(1) that \C ■ B{M)\ C |C|; hence the irreducibility of C impHes that C ■ B(Af ) = Ac • C 
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for some Ac G Z. We first note that the factors Ap are the same for every point P in 
B(M): For any point P, the recession fan of P x B{M) is {0} x B(M); thus we know by 
[|A2| proposition 2.2.2] that 



Ap = deg((^, ---ipi-Px B(M)) = deg((^, • • • • {0} x B(A/)) = A{o}. 

Now, as it was done in the proof of ||R] proposition 1.4.15], we choose rational functions 
ijji . . . , V'dim(C) such that tpi ■ ■ ■ V'dim(c) ■ C ^ 0. Then (3) implies that 

Ac • (V'l • • • V'dim(C) -C) = Vl • • • V'dim(C) • (C • B(Af )) 

= (V'i-->dim(c)-C)-B(M) 

= A{o} • (^1 • • >dim(C) • C*)- 

Hence Ac — A{o} for all cycles C. As Ab(j\/) = 1, it follows that C • B{M) = C for every 
C. □ 



Remark 4.6. It follows from theorem 4.5 (6) that our intersection product is independent 
of the choice of rational functions describing the diagonal Ap(jv/), as each intersection 
product can be calculated as 

C-D = TT,{^B(M)-CxD), 

where the right hand side is an intersection product of cycles on B(Af © M). This is not 
only satisfactory, but also what we need to prove the following lemmas. 

Lemma 4.7. Let a : B(M) — B(M') be a tropical isomorphism ofmatroid varieties and 
let C and D be two arbitrary cycles in B(Af ). Then the fallowings holds. 

a,{C ■ D) = a,{C) ■ a,{D) 
Proof. If C = V'l • • • V's ■ B(M) is cut out by rational functions, the claim follows from 



theorem 4.5 (6) and the projection formula. We apply this to /3 :— ax a (the corresponding 
isomorphism between B(M) x B(M) and B(M') x B(A/')) and the cycles Ab(m) and 
C X D. By the previous remark, this suffices to prove the claim. □ 

Lemma 4.8. Let Ai, Bi be cycles in B(A/i) and let A2, B2 be cycles in B(A'f2)- Then 
{Ai X A2) ■ [Bi X B2) = {Ai ■ Bi) X {A2 ■ B2). 



Proof. If Ai and A2 are cut out by rational functions, the claim follows from theorem 4.5 



(6). The general statement follows from remark 4.6 using the fact that (after permuting the 



coordinates) AB(Afi) x Ab(M2) = Ab(Mi)xB(M2)- □ 

Remark 4.9. Let B(Af),B(A^') be two matroid varieties contained in third matroid va- 
riety B(Af). So far, we were not able to find an easy matroid-theoretic description of 
the intersection product B{N) ■ B{N'). In general, the product is not just a matroid 
variety again. The easiest example where we at least get negative weights is the self- 
intersection of the straight line contained in the plane max{0, a;, y, z} ■ M"^ (cf. | ,AR1, ex- 
ample 3.10]). In our setup, this is given by B{N) C B(A/), where M is the uniform 
matroid of rank 3 on 4 elements (cf example [7. l| i and N is the matroid with lattice of flats 
0, {1, 2}, {3, 4}, {1, 2, 3, 4}. It is easy to check that the self-intersection of B(iV) in B(A/) 
is M • (1, 1, 1, 1) with weight -1. 

To find a general description of B(iV) •B(7V'), one should probably compactify the problem 
in TP", but this causes other difficulties. The only case which is understood so far is 
B(Ai^) = M". In this case, we form the matroid intersection NAN' (cf. ||Wj section 7.6]). 
The bases of N A N' are the minimal sets in 

{BnB' : B basis of N, B' basis of N'}. 
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If r, s are the ranks of N, N', then the rank of NAN' is greater or equal to n — r — s (where 
equahty is attained if and only if there exist bases B,B' of N, N' satisfying BUB' = [n]). 
Then we get 



B(A^AiV'), iftherankofiVAiV'isn 
0, otherwise. 



B(iV) • B(A^') = 

This follows essentially from extending the arguments in the proof of fS^' proposition 3.1] 
to the case where the coordinates of the Pliicker vector are allowed to be infinite. 

5. Dividing out the lineality space 

So far, we defined an intersection product on B{M) which is a "tropical cone" in the sense 
that it contains the lineality space L = M • (1, . . . , 1). But in most applications, one is 
really interested in B{M)/L. We will now discuss how the intersection product of B(M) 
descends to B(Af ) / L. First, let us fix some terminology. 

Let X he a polyhedral complex in a vector space V. For a cell t £ X we denote by Vr 
the linear subspace spanned by (differences of vectors in) r. The intersection of all these 
subspaces L Drex^T is called the lineality space of X. If A" is a fan, L is just the 
unique inclusion minimal cone of X. We define the polyhedral complex X /L in V/ L by 
X /L := {q(T)|r G X}, where q : y — V/L is the quotient map. If X is weighted, q(cr) 
inherits the weight from a. 

Let X be a tropical cycle in V . A subspace L C is called a lineality space of X if there 
is a polyhedral structure X of X whose lineality space is L. In this case, we denote by 
X/L the tropical cycle in V/L represented hy X /L. 

Let C be a cycle in X/ L and let C be a polyhedral structure of C. We define the polyhedral 
complex q^^ (C) in X to be the collection of cells {q~^ (tr) |cr S C} (with weights inherited 
from C). Furthermore, we define q^^ (C) to be the tropical cycle associated to q^^ (C). By 
definition, i is a lineality space of q^^(C). 

Now, the only thing we need in order to define an intersection product on B{M) /L is the 
following lemma. 

Lemma 5.1. Let C, D be two cycles in a matroid variety B(M) and let us assume that L 
is a lineality space of each. Then L is also a lineality space ofC ■ D (if non-zero). 

Proof. For all vectors v € L we can define the translation automorphism : B(A/) — > 
B(A/) which sends x to x + v. For a subcycle of B{M), having L as lineality space is 
equivalent to being invariant under all translations a.i,,v E L. Now we use lemma 4.7 to 



see that this property is passed from C and D to C ■ D. □ 

Definition 5.2. Let B(M) be a matroid variety with lineality space L, and let C, D be 
two tropical cycles in B(Af)/L. We define the intersection product C ■ D of C and D in 

B(Af)/Lby 

C D :^ {q-\C)-q-\D))/L, 
where on the right hand side we use the previously defined intersection product on B(Af) 



(cf. definition 4.3 1. In words, we first take preimages of C and D in B(A/) and intersect 



them. By lemma 5.1 the result has lineality space L which we divide out again. 



Remark 5.3. This definition also works for cartesian products B(A/)/L x B{M')/L' as 
they are equal to B(A/ ® M') /L x L' . 

Proposition 5.4. Let C, D be cycles in B{M)/L. Then Ab(m)/l ■ (C x D) — Ac-d- In 
particular, we have 

C-D = Tr,{AB(M)/L-CxD), 
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where n : B{M)/L x B(M)/i — > B(M)/L is the projection to the first factor Note that 
this is how we defined our intersection product on matroid varieties ( cf. remark ^^ . 

To prove this we use the following lemmata: 

Lemma 5.5. Let X be a tropical cycle with polyhedral structure X whose lineality space 
is L. Let ip be a function which is affine linear on the cells of X and let C be a cycle in X 
(not necessarily with lineality space L). Then the equation 

V ■ q-\AC) ^ ■ C) 

holds, where q : X — > X/L is the quotient map. 



Proof. First note that by adding a globally affine linear function to ip, we can assume 
(fi — q* (fi for a suitable function [p on X/L. In this case, it is obvious from the definitions 
and projection formula that both sides equal q^^ • q* (C)). □ 

Lemma 5.6. Let L be a lineality space of a matroid variety B(Af), and q : B(M) — > 
B(A/)/L the corresponding quotient map. Let C, D be cycles in B(M) such that L is a 
lineality space of D. Then q~^ q^ (C) • D = q~^ q^ (C • D). 



Proof. First, we split M into its connected components M — 0^ Mi and pull back the 
functions that cut out the diagonal of B{M{) x B(Mi) to B{M) x B(Af). With the help 
of lemma 2.3 this gives us functions on B(M) x B(M) which cut out the diagonal and are 
affine linear on a polyhedral structure of B(Af) x B(M) with lineality space A^. 

Second, setj : B(M) xB(A/) ^ (B(M) x B(A/))/Ai. Then we have q-i q^ (C) x D = 
j^,(C X D). Thus we are in the situation of the previous lemma, and intersecting with 
the diagonal gives j^^ j^, (Ab(m) • C x D). After projecting, this is q^^ q^ (C • D) and we 
are done. □ 



Proof of proposition \5.4\ Let q : B(M) — ^ B(Af)/i be the quotient map. For any cycle 
A having Uneality space L the following equality holds: 

(q X q)-^/^A/L - (id X q)-l(id X q)*AA. (5.1) 

The set-theoretic equality is clear; the equality of the cycles follows from the fact that 
all involved weights are inherited by the weights of A. By definition of our intersection 
products and equation ( |5.1| l we have 

l^B{M)/L-{Cy<D) = ((qXq)-lAB(M)/L-q"'C^Xq-li?)/LxL 

= (((id X q)-l(id X q),AB(M)) -q-^Cx q-^ D)/L X L, 

as well as 

Ac-D = {{qx qy\A(^q-i c-q-i d)/l))/L X L 

= ((idxq)"i(idxq)4Aq-ic.q-ic))/i x L 

= ((id X q)-i(id X q)*(AB(M) -q-'Cx q-' D))/L x L. 

Now the claim follows from lemmalSTSl □ 



Remark 5.7. Let B(A/) /L be a quotient of a matroid variety and assume we can cut out the 
diagonal A^[m)/l in B(A/)/L x B(A/)/L with a collection of rational functions. Then 



the intersection product defined by this collection coincides with the one defined in 5.2 



This follows from proposition 5.4 together with property (6) of theorem 4.5 
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Remark 5.8. Lemma 4.7 also holds if we replace B(M) by B(M)/i, i.e. we have 

a,{C ■ D) ^ a,{C) ■ a,{D) 

for any isomorphism of a : B(Af)/L B{M')/L'. We first use remark [53] and write 
B(M)/L = (B(A/) X V)/{L x i') resp. B{M')/V = (L x B(Af'))/(i x L'). In other 
words, we can assume that B{M) and B(Af') lie in the same ambient vector space and 
that L = L'. In this situation we can lift a to an isomorphism a : B(M) — > B(M') with 



q o a = a o q and use lemma 4.7 



6. Smooth varieties and locality 



For the sake of completeness, in the following we give a (preliminary) definition of smooth 
tropical varieties (whose local models are matroid varieties modulo lineality spaces) and 
extend the intersection product to those. For the latter we have to show that the intersection 
product can be computed "locally". 

Definition 6.1. A smooth tropical variety is a topological space X together with an open 
cover {Ui} and homeomorphisms 

: U, ^ W, C \ B{M)/L\ C M"/L 

such that 

• each Wi is an (euclidean) open subset of | B (M) / L \ for a suitable matroid M with 
(suitable) lineality space L; 

• for each pair the transition map 

0j o : cj),{u^ nUj)^ (i>j{u^ n Uj) 

is the restriction of an affine Z-linear map ^ij, i.e. the composition of a translation 
by a real vector and a Z-linear map. 

Let us stress again that this is only a provisional definition which is appropriate for the 
purposes of this paper. In particular, our definition does not allow any boundary points 
(i.e. points of "positive sedentarily"). However, we chose not to reflect this in a more 
complicated name. 

Note also that a tropical cycle X in M" is a smooth variety if and only if for all points p in 
X the star Starx(p) is isomorphic to B(A/)/L, the quotient of a suitable matroid variety. 

Let W C |B(M)/_L| C be a set as in the previous definition. We can define 

polyhedral complexes and tropical cycles in W exactly as in B(M) /L — by just defining 
a polyhedron in W to be the (non-empty) intersection of a polyhedron in | B(Af)/i| C 
/L with W . A set C C (or, more generally, a topological space) is called a weighted 
set if each point from a dense open subset of C is equipped with a non-zero integer weight 
which is locally constant (in the dense open subset). Two such weighted sets C, C" are said 
to agree and are thus identified if the sets are equal and the weight functions agree (where 
both defined). Note that each tropical cycle D inW can be regarded as a weighted set by 
inheriting the weight of each facet to its interior points. 

Definition 6.2. Let X be a smooth tropical variety. A tropical subcycle of X is defined to 
be a weighted set C such that for all i the induced weighted set 0i(C n Ui) agrees with a 
tropical cycle in Wi. 

Of course, each smooth variety X contains fundamental cycle X itself with constant 
weight 1 for all points. 

If C, D are two tropical cycles in X, we want to define their intersection product in two 
steps: We first intersect C and D locally on each Ui (via (f)i) and then glue together the local 
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results. To make this approach work, it remains to be checked that intersection products 
on B(M)/L can be computed locally, as in the M''-case (cf. ([r] proposition 1.5.8]). 

Let X be a tropical cycle in a vector space V and let p be a point in X. Recall that we 
defined Starx(p) to be the fan cycle containing all vectors v such that p + ev G \X\ for 
sufficiently small e. Let (phe a rational function on X. Then ip induces a function (pP on 
Starx (p). Namely, we first restrict ip to a small neighbourhood of p and then extend it by 
linearity to Starx(p) (one might also normalise to (^^(0) = 0). From the locality of ip ■ X 
it follows that 

Star^.x(p) = ■ Starx(p) 

(cf. ||R| proposition 1.2.12]). 

In particular, if the functions (pi,. ..,(pr cut out the diagonal of X in X x X, then 
the functions (p'f'^\ . . . ,ipl^'^'' cut out the diagonal of Starx(p) in Sta,Txxx{p,p) = 
Starx(p) X Starx(p). Using these collections of functions to define intersection products 
on X resp. Sta.rxip), we obviously get the equality 

Stare- d(p) = Stare (p) • Stari3(p), 

where the left hand side (resp. right hand side) contains a product on X (resp. Starx(p)). 

Note again that the intersection product on B(M) is independent of the chosen functions. 
Moreover, for each cycle C in B{M)/L and p E |q^^(C)| with q(p) p' we have 
q^^ Starc>(p') — Staiq-i c{p)- This leads to the following statement. 

Corollary 6.3. Let C, D be subcycles ofB{M) /L and p a point q/ B(M) /L. Then the 
following equality holds: 

Siaic oip) = Stare (p) • Star£,(p) 

Let us now put things together. First, we have a well-defined intersection product on open 
sets W C I B(A/) /L\ C M"/L. Namely, for two cycles C,DmW,C-Di5 the subcycle of 
W which satisfies Stare._D(p) = Stare(p) • Star£)(p), where the latter part of the equation 
is an honest intersection product of the two subcycles Stare(p), Star£)(p) on B(Mp)/L. 
This does not depend on the choice of A/, L by remark [578] 

When C, D are two subcycles of a smooth tropical variety X, then on each Ui we can 
compute Ei :— [C n Ui) ■ [D n Ui). Using locality again, we see that on each overlap 
Ui n Uj the weighted sets Ei and Ej agree. More precisely, this follows from the fact 
that for each point p e Ui OUj, the maps ^i j resp. i provide isomorphisms between 
the stars of Wi, (j>i{C), 4>i{D) at (t)i{p) on the one hand and the stars of Wj, cj)j{C), 4>j{E>) 
at (t)j{p) on the other hand. Therefore, also the stars of the local intersections 4)i{Ei) and 



{Ej) at p are isomorphic (cf. remark 5.8 i, which proves that Ei and Ej agree locally. 



We collect all this in the following theorem. 

Definition and Theorem 6.4. Let X be a smooth tropical variety and let C and D be 

subcycles of X. Then the intersection product of C and D on X, denoted by C ■ D, is the 
unique subcycle of X such that 

{C-D)nu, = {cn u,) ■ {d n u,) 

holds for any Ui of the open cover. Moreover, this intersection product satisfies the follow- 
ing properties. 

(1) codim(C • D) = codim C + codim D (ifC ■ D ^ 0). 

(2) \C-D\C \C\n\D\. 

(3) {if ■ C) ■ D = ip ■ {C ■ D) for any Cartier divisor p on C. 

(4) C-X^C. 

(5) CD^ DC. 

(6) //C = *i • • • *s • X, then C • = *i • • • • 
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(7) [C ■ D) ■ E = C ■ [D ■ E). 

(8) {C + D) ■ E = C ■ E + D ■ E. 

(9) {Ai X A2) • (Si X B2) = (^1 - Si) X (A2 --82) if Ai,Bi and A2, B2 are subcycles 
of the two smooth varieties Xi and X2 respectively. 

Proof. We already discussed that our definition is well-defined. It remains to show the list 
of properties. In the case X = B(Af), all the properties have already been proven. The 
next step is X = B(i\f ) /L, to which the properties immediately generalise. For the general 
case, note that all properties can be verified locally. Therefore, by our local definition of 
the general intersection product, all properties also hold in the general case. □ 

Remark 6.5. Let X, Y be two smooth varieties. A tropical morphism / : X — > F is a 
continuous map such that for all i, j the map (j>J o f o {(j>f)~^ on the charts is induced by 
an affine Z-linear map of the ambient vector spaces. We call / an isomorphism if there is 



an inverse tropical morphism g : Y ^ X. We can extend remark 5.8 to this case, i.e. if / 
is an isomorphism and C and D are two subcycles of X, then 

f,{C-D)=f,{C)-f,.{D). 

Moreover, we can extend proposition |5 .4| and check locally that 

C-D = 7:4Ax - C X D) 

holds for all smooth varieties X. 

1. Examples 

In this section we discuss a few examples. The first example compares our new definitions 
to the previously known cases of W and U^. The following examples are devoted to the 
moduli spaces of tropical rational curves. 

Example 7.1. Let M = Uk+i,n+i be the uniform matroid of rank fc + 1 on the set N := 
{1, . . . ,n + 1} (i.e. each k + 1-subset of is a basis). Then L := M • (1, . . . , 1) is the 
lineality space of B(Af), and B{M)/L is isomorphic to LJJ — max{a;i, . . . , x„, 0}""'^ • 
M". Thus we have reproved the result of |A1 1 that the cycles i}? admit an intersection 



product of cycles. Note that both intersection products agree by remark 5.7 



Example 7.2. The complete (undirected) graph if„_i with n — 1 vertices defines a matroid 
on the set of edges |l, . . . , ("2 ^)} whose independent sets are the trees in K^-i- It was 
shown in |AKl, chapter 4] that B{Kn~i) parameterises so-called equidistant (n — l)-trees 
(i.e. rooted trees with n — 1 labelled leaves and lengths on each edge such that the distance 
from the root to any leaf is the same). As a variation of this, we construct a bijection of 
B{Kn-i) / L (with L := K • (1, . . . , 1)) and Mn, the space of n-marked abstract rational 
tropical curves (i.e. metric trees with bounded internal edges and n unbounded labelled 



leaves; see |GKM chapter 3] for the construction of A^„). Our bijection is analogous 
to the one in | |AK| except for a global scalar factor. More important, we show that this 
map is actually a tropical isomorphism of the two fans, i.e. it is induced by a Z-linear 
transformation of the ambient spaces. Hence A^„ can also be equipped with an intersection 
product of cycles. 

Note that B{Kn-i)/L lives in m("2')/L, whereas Mn lives in M(2)/Im(0„). Here, 
(/)„ : K" — >■ M^f) is the linear map defined by (ai, . . . , a„) 1-^ ((a^ + aj))ij. We define 
the Unear map / by 

f:R("^')/L Mfi)/Im(0„) 

if n G {i,j} 



{ai,])i,3 ^ {bi,3)i,j ^ with 



else 
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It is easy to see that / is well-defined and injective. Since its domain and target space have 
the same dimension, it follows that / is a linear transformation. 

Let F be a flat of the matroid corresponding to if„_i. Then is a vertex-disjoint union of 
complete subgraphs Si, Sp of Kn-i, and 



fiVp) = with^i. 



-2, if {i, j} C V(S'f) forsome < 
0, else 



where the V{St) denote the sets of vertices of the complete subgraphs St- We define a 
vector a e M" by setting = 1 if i e V{St) for some t, and ai — Q otherwise. Then 



[fiVp) + 0n(a))z 



' 0, if {i, j} C V{St) for some t, or i, j ^ V{St) for aU t 

1, if I G V{St) for some t, and j ^ V{Ss) for all s 

2, if there ai-e s 7^ < with i e V{Ss), j G V{St) 



The metric graph with n leaves associated to this vector, denoted by Mp, is depicted in the 
following picture. 




. Sp {l,...,n}\UiSi 

We see from this description that / also gives an isomorphism of the underlying lattices 
A„. Her e An is the lattice generated by metric graphs with only one internal 

edge of length 1 (see |GKM construction 3.6]). z( 2 ) /Lis mapped to A„ as 
is spanned by the Vp and Mp is contained in A„. Moreover, let Mj^j be a generator of A„ 
corresponding to the graph whose single internal edge splits the leaves into the partition 
/ U J = {1, . . . ,n} with n E J. Then we have M^j ~ Mp, where F is the flat associated 

to the complete subgraph with vertex set /; hence M/| j lies in the image of z( 2 ) /L. 

It remains to check that / can be restricted to a bijection B{Kn-i) / L Ain- Sticking to 
the notation for the generators ofA„, we already saw that Mp = Ms^\si + . . . + Mg^^gc 
For a chain of flats it follows that all the appearing partitions / UJ — {1, . . . ,n} 
satisfy the following property: For each pair of partitions one part of the first partition is 
contained in one of the parts of the second partition. This is what is needed to ensure that 
each positive sum of such vectors Mj^j still corresponds to a metric graph. Therefore, 
the image of Ji{Kn-i) / L is contained in A^„. As is irreducible, we actually have 
equaUty. 

Therefore, / induces a tropical isomorphism between B{Kn^i) / L and A^„ and thus A^„ 
inherits the intersection product of cycles from B(iir„_i)/L. Note that this intersection 



product on A^„ is independent of the chosen isomorphism by remark 5.8 



Example 7.3. The moduli space A4^^^{A,W) parameterises n-marked rational parame- 
terised tropical curves of degree A in W (cf. | |GKM definition 4.1]). It was shown in 
||GKM| proposition 4.7] that M^^^iA,W) can be identified with Mn+\A\ x M''. This 



identification together with the previous examples shows that we have an isomorphism 

M':\A,W) - B(i^„+|A|-1 © Ur+l,r+l)/L X L', 

where iir„+|A|-i is the complete graph matroid, C/r+i.r+i is the uniform matroid of rank 
r + 1 on r + 1 elements and L resp. L' are their respectively "natural" one-dimensional 
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lineality spaces. This implies that there is an intersection product of cycles on A4^^{A, W) 
having the properties listed in theorem [64] 

8. Pull-back of cycles 

When dividing out a lineality space q : X ^ X/ L, we defined by q^^{C) a very natural 
preimage for every cycle C G X/L. Moreover, when we consider a modification tt : X ^ 
X (with X, X smooth) given by a function tp on X, then for each C ^ X there is also a 
natural lift C of C to X. Namely, we can restrict to C and define C to be the modification 
of C by ip\c- 

In the following, we will see that both cases are examples of a more general construction. 
This generalisation is useful when dealing with a chain of several modifications and when 
showing that our intersection product agrees with the definitions made in |S1 1. A discus- 
sion of this construction for less general smooth varieties (in our terminology, in the case 



of only uniform matroids) can be found in | Al section 3]. 



Definition 8.1. Let / : X — > F be a morphism of smooth tropical cycles. We define the 
pull-back of a cycle C in y to be 

rC:=^,(r/-(XxC)), 

where tt : X xY ^ X is, the projection to the first factor and is the graph of / (that 
means F/ := 7/^(X), with ^f:X^XxY,x^{x, f{x)). 

Note that here Fy^ • (X x C) is an intersection product of cycles mX xY , which is smooth 
by our assumptions. By definition, we see that the codimension of C in y equals the 
codimension of f*C in X and |/*C| C /~^|C|. Moreover, we obviously have /*(C + 
C) = f*C + f*C'. 

Example 8.2. Let us give some examples. 

(1) Let / : X — > y be a morphism of smooth tropical cycles. Then f*Y = X. This 
follows easily from tt* (Fy) = X. 

(2) Now we assume additionally that C = (pi ■ ■ ■ (pi ■ Y is a subcycle of Y cut out by 
some functions. Then we have 

rc = f*pi---rpi-x. 

Indeed, if we denote the two projections of X x y by ttx and Try, then by definition 
the function npipi agrees on F/ with the function n*^f*ipi and the above equation 
follows from projection formula. 

(3) Let id : X — > X be the identity morphism. Then Fjd — Ax, and we conclude 
id*C = X -C = C for all subcycles C of X. 

(4) Let p : X xY ^ Y ht a. projection. Then Tp = X x Ay, and it follows easily 
that p*C ^ X xC fox all subcycles C of Y. 

Our next goal is to prove the following properties of pull-backs: 

Theorem 8.3. Let X, Y and Z be smooth tropical varieties and let f : X ^ Y and 
g : Y ^ Z be two morphisms. Let C, C be two cycles in Y, D a cycle in X and E a cycle 
in Z. Then the following holds: 

(1) C-UD = f,{rC-D) 

(2) f*{C -C) = f*C ■ f*C' 

(3) {gof)*E^rg*E 



In a first step we prove the theorem for matroid varieties X, Y, Z. We need the following 
lemma: 
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Lemma 8.4. Let f : X Y be a morphism between matroid varieties. Then we have 

{{x}xY)-Tf^{{xJ{x))} (8.1) 

for each point x of X. 

Let g : Y ^ Z be another morphism of matroid varieties and set ^ : X ^ X x Y x Z, 
X I— >■ (x, f{x),g{f{x))). Then we have 

= (F/ X Z) • (X X Tg). (8.2) 

Analogously, ifh:X-^Z is another morphism of matroid varieties and we set ^ : X ^ 

X X Y X Z, x t-^ (x, f{x), h{x)), then we have 

'i'.,X^{TfxZ)-{ThxY). (8.3) 

Note that, by abuse of notation with regard to the order of the factors, (F^ x Y) sits inside 
XxY X Z. 



Proof. We start with equation ( |8.1| l. It is obvious that both sides are supported on the point 
(a;, f{x)), so it suffices to check that the degree on the left hand side is 1. To do this, we can 
assume that x = is the origin and is cut out by rational functions on X. Then {x} x F is 
cut out by the pull backs of these functions and the projection formula proves the claim. 
For equation ( |8.2| l, we also start by noting that the supports on both sides must be equal. 
This follows from the fact that <i>*X is irreducible and the support of the right hand side 
is obviously contained in j^+Xj. So again, both sides can only differ by a global factor 
It is easy to see that this factor is indeed 1: For example, we can intersect both sides with 
{x} X Y X Z, where x E \X\ is any point. Using equation ( |8.1[ ) and part (9) of theorem 



6.4 it follows that we get 1 ■ {{x, f{x), g{f{x))Y\ on both sides. 



Equation ( |8.3| l can be proven completely analogously. □ 

Proof of theorem ^3\ for matroid varieties X, Z. We give (rather short) proofs of the 
three properties if X, Y, Z are matroid varieties. We skip the details of a couple of straight- 
forward computations which can be found in more details in l.Al|. In what follows, 
TT Tlx denotes the projection of a product of X, Y and Z to the factor X. 

To prove (1), it essentially suffices to show (/ x id)* Ay = Fy, where / x id : X x F — > 
Y xY . Using this, a straightforward computation shows 

C-f,D^ f^TT^iVf -DxC)^ f4f*C ■ D). 

The equation (/ x id)* Ay = F/ is clear set-theoretically and the equality of weights can 
be checked using the first equation of lemma [84| and part (2) of example [8. 2| 

To prove (2), another computation shows 

/*(C . C') = ^.((F/ xY)-{Xx Fid^) -{XxCx C')) 

and 

f*C ■ f*C' = n^inl.Tf ■ nl.Tf ■ {X x C x C')), 
with TTi i : X xY xY {x, 2/1,2/2) {x, Ui). Using both the second and third equality 



of lemma 8.4 (with h — f and g = id) together with part (4) of example 8.2 we see that 



both terms coincide. 

To prove (3), we compute easily 

igof)*E = Tr.4^.,X-iXxYxE)), 
where X-^XxYxZ maps x to {x, f{x),g{f{x))), and 

f*g*E = 7r,((F^ x Z) ■ {X x Tg) ■ {X x Y x E)). 
Using the second equation of lemmalS^again, the claim follows. □ 
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In order to extend this proof to arbitrary smooth varieties we need another technical propo- 
sition: 

Proposition 8.5. Consider the following commutative diagram of tropical morphisms. 

B(M) — ^ B(iV) 



B{M)/L — ^ B{N)/K 

Here L, K are lineality spaces and q, j are the respective quotient maps. Then the following 
equality holds: 

or equivalently 

f*C^ig*r'C)/L. 

Proof Since the cycles F f and Tg carry only trivial weights, the equality 

|(q X j)-ir^| = {{x, y):xe\ B{M)\, i{y) = f o q{x)} - |(id x j)-i(id x j),(r,)| 
implies the equality of cycles 

(qxj)-ir/ = (idxj)-i(idxj),(r,). 

Let TT : B{M)/L x B{N)/K B{M)/L and n : B{M) x B(iV) ^ B(A/) projections 
to the first factor. It follows from the above equality that 

f*C - ^,(((qxj)-ir/.(B(Af)xj-iC))/Lxi^) 

= ^,(((id X j)-i(id X j),(r<,) • (B(Af) X C))/L X K). 



Aplying lemma 5.6 to the quotient map (id x j), we see that the above is equal to 

7r,(((id X j)-i(id X j),(r3 • (B(A/) X j-i C)))/L x K) 
= 7r,((id X j),(r, • (B(Af) X j-i C))/L x {0}) 
= (^,(r,.(B(M)xj-iC))/L 

□ 

Proof of theorem^3\for smooth cycles X, F, Z. We have already proved the claim for ma- 



troid varieties X, Y and Z. Using proposition 8.5 we see that theorem 8.3 also holds if 
X, Y, Z are quotients of matroid varieties by lineality spaces. Moreover, as all construc- 
tions are based on intersection products and therefore are defined locally, the statements 
hold in fact for all smooth varieties (in our sense). □ 

Remark 8.6. Let B(Af) be a matroid variety with lineality space L and let q : B(Af) — )■ 
B{M) /L be the quotient map. Then the pull-back q* (C) coincides with q~^ (C) as defined 
previously. This is a direct consequence of proposition |83] 



Remark 8.7. Let / : X — > F be a morphism of smooth tropical varieties such that {X) 



Y. Then it follows from the first part of theorem 8.3 that /* /* (C) — C holds for any cycle 
Cin Y. 

We now come back to the meaning of pull-backs in the case of modifications. 

Lemma 8.8. Let Q, M and N be (loopfree) matroids and let e be an element in Q (which 
is not a coloop ) such that Q\e — M, Q/e — N. Consider the corresponding modification 
TT : B(Q) — > B(Af) and let Lp be the modification function on B(Af) (as described in 
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proposition 3.10\. For any subcycle C q/B(A/), let C be the modification ofC by Lp. Then 
the equality 

C = 7r*C 

holds. 





Modification of a cycle and its intersection with B(iV) 



Proof. The modification of C along the function Lp is the (uniquely determined) cycle 
C in B((5) satisfying ^T.^.C = C and C^^ = Lp ■ C. We show that ii*C fulfils those 
two conditions: As 7r*B(Q) = B(Af), the first equality follows from remark [8J] As 
for {■K*CY^'^ — ip ■ C, we first pick a real constant r large enough such that B(iV) = 
7r»(max{a;e, —r} ■ B{Q)) holds. Applying theorem [83] again provides 

tp-C ^C- B{N) = t:^{tt*C ■ max{xe, -r} ■ B(Q)) 

It follows that Lp-C ^ {n*CT''- □ 

Applying this lemma to a whole series of modifications, we get the following corollary. 

Corollary 8.9. Let B((3) and B(M) be matroid varieties such that Q \ R = M (for 
suitable R) and choose a series of matroid modifications 



B(Q) = B(Afo) ^ B(A'/i) ^ 



B(Af„) -B(A/). 



Let C be a cycle in B(Af ) and let C be its repeated modification along 7r„, . . . , 7r2, tti. 
Then C is in fact independent of the chosen series of modifications. 

Moreover, let B(iV) C B(Af) be two matroid varieties and let Q be the matroid such that 
Q \ R = M and Q/R = N (cf. proof of proposition \3.3\ . Let C be any cycle in B(M). 
Then the intersection product B{N) ■ C can be computed as {Tr*C)'^^, where tt : B((5) — ^ 
B(A<r). In other words, we get B(7V) • C by performing a series of modifications that lift C 
to a cycle in B((5), and then intersecting with a boundary part. 



Another important consequence of lemma 8.8 is that we can now prove that our intersection 
product coincides with the definitions made in [ Sl | . 

Theorem 8.10. Let B(A/) be a matroid variety and let C, D be two cycles in B{M). We 
denote by CD the recursive intersection product defined in | |S1| definition 3.6]. Then this 
intersection product coincides with the one defined in definition \4.3\ i.e. 

CD = C D. 
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Proof. The intersection product CD of | |S1| definition 3.6] is defined recursively via mod- 
ifications. Finally, the recursion uses the known intersection product on M". As our defini- 
tion gives back the same product on M", we have agreement here. It remains to check that 
our definition satisfies the same recursion formula given by 

CD = 7r*(7r,a7r*L>) + ttV^CA^, + Ac.ttV.D + Ac.A^,, 

where tt : B(Af) — > B(Af \ e) is a modification and Ap = C — 7r*7r*C resp. Ac = 
D — t:*tt^D. Note that in |S1 1 7r*£^ is defined as the (restricted) modification of E, but 



by lemma 8.8 we know that we can also use our pull-back definition instead. Writing 

C = 7r*7r*C + Ac and D = ■k*it*D + Ad we get 

C -D^ 7r*7r,C • Tr*Tr^D + 7r*7r,C • A^ + Ac • 7r*7r,£i + Ac • A^,, 



noting that the first term equals 7r*7r*C •7r*7r*L) = tt* {tt^C -tt^D) by theorem 8.3 property 
(2). So our intersection product satisfies the same recursion formula and therefore the 
definitions agree. □ 



9. Rational equivalence on matroid varieties 

Let C be a cycle in B(A/) / L. Then by contracting all bounded parts of C to the origin, we 
get the so-called recession cycle 5{X) of X (cf. | |AR2[ definition 8]). As a set, is 
the limit of i • |C| when t goes to zero. The aim of this section is to show that C is rationally 
equivalent to 5{C). In this context, rational equivalence in B(Af ) /L is generated by those 
cycles which are push-forwards along some tropical morphism / : A — > B(A/)/L of 
a cycle (f ■ A, where </? is a bounded function (cf. |AR2 definition 1]). Note that, by 
definition, if C ~ in the ambient space X, then C ~ also holds in any larger ambient 
space Y Z) X. Our first statement is again concerned with dividing out a lineality space. 




A curve on B(?73_4)/L and its recession cycle. 

Proposition 9.1. Let X be a cycle with lineality space L. Let C be a subcycle of X also 
having lineality space L. Then C is rationally equivalent to zero on X if and only if C / L 
is rationally equivalent to zero on XjL. 

Proof. As X is isomorphic to XjL x L, it suffices to show that C jL x L is rationally 
equivalent to zero on X/L x L if and only if C /L is rationally equivalent to zero on X/ L. 
The if-implication was proved in |AR2 lemma 2 (a)]. So let us assume that C/L x L 
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is rationally equivalent to zero. That means by definition that there are a morphism / : 
A — > X/L X L and a bounded rational function ip on A such that f^,{(p ■ A) = C/ L x L. 
Let TTx/L '■ X/L X L — X/L and tt^ : X/L x L ^ Lhe projections to the respective 
factor. We choose rational function on L such that ■ ■ ■ ?AdimL • L — {0}. Now we just 
replace A by A' := /*7r2^i • • • f *'^1'^dimL ■ ^ and check by projection formula that 
(^x/L ° =C/L holds. □ 

Remark 9.2. Note that on matroid varieties modulo lineality spaces 'B{M)/L, intersection 
products and pull-backs of cycles are compatible with rational equivalence. In other words, 
if C and C" are cycles in B(A/) /L with C - C", then also f*C f*C' wdC-D ^ C -D 
for any morphism / : B{N)/K B(M)/L and any third cycle D in B(A/)/L. This 
follows from the fact that cross products, intersections with rational functions as well as 



push-forwards are compatible with rational equivalence (cf. |AR2 lemma 2]), and the 
previous proposition. 

In the following, if a is an element of the matroid A/, we denote the corresponding projec- 
tion by IT a ■ B{M) — ^ B{M \ a). Furthermore, if is a chain of flats in M, then \a 
denotes the chain of flats in M \ a obtained by intersecting each flat of with E{M) \ a. 

In order to prove that every cycle in B(Af )/L is rationally equivalent to its recession cycle, 
we need the following lemmas: 

Lemma 9.3. Let a,b £ E{M) be no coloops and assume that {6} is a flat. Let C be a 
subcycle ofli(M) with iTa^C = 0. Then TTa^Trj^TTh^C = 0. 

Proof. We choose a polyhedral structure C of C which is compatible with pushing forward 
(cf. ||r| lemma 1.3.4]) such that every cell of C is contained in a cone of B{AI). As tTq^C = 
we know that every cell of C is contained in a cone {J-) of B{M) satisfying F^+i = F^Ua 
for some i (as on the other facets, tTq is one-to-one and cannot delete non-zero cells of C). 
In order to simplify the notations we assume that b = |£'(Af)|. Let cp be the piecewise 
linear function on B{M \ b) which satisfies for all flats F of M \ b that 



-1, ifbechiiF) 

0, else 



It follows from proposition 3.10 that B(A/) is the modification of B(Af \ b) along the 



rational function tp. Hence Tr^TTfc^C is the modification of nh^C along if (cf. lemma 8.8 1. 
It is easy to see that (p is given on a cone (Q) of B{M \ b) by 

ipii^Q){xi, . . .,Xb-i) = Xp, withp e Gz+i \ and z s.t. b e c1m(Gz+i) \ cIm{Gz). 

We claim that for a chain of flats T in M satisfying i^i+i = FiUa for some i, the restriction 
of p to {J-\ b) does not depend on Xa'. Assume the contrary is true; then our description 
of p implies that 

b e chiiF.+i \ b) and b i c\m{F^ \ b). 

Note that clM(^i+i \ ^) ^ ^i+i and cU/l^i \ ^ F^; thus b e F,;+i. As F,;+i ^ F,Ua, 
this implies that b e F,. It follows that c\M{F,\b) = Fj\fe. Now F^ andclA/(Fi\6Ua) = 
Fi+i are both minimal flats containing the flat Fi \ b. But this is a contradiction since 

Fi C Fi+i. 

Let (T be a maximal cell of Tr^vTb^C of the form (id xi^)(7r;,(r)), where r is a maximal cell 
of C. We can assume that the restriction of tt^ to a is injective (otherwise TTa{u) does not 
contribute to the push-forward). Since p\Tr^{T) does not depend on the a-th coordinate, we 
can conclude that a '^{a,b} (c) has the same dimension as a. Let cti , . . . , tXp be the cells 
of C mapped to a by TT{a,b}- As tt^ is injective on ai, the cell cr^ turns into the cell 

:= {(si, . . .,Xb-i,pixi, . . . ,Xb~i)) ■.3xb:{xi,...,Xb)e ai} 
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in the cycle Trj^TTh^C. The (t,; are exactly the cells of tt'^tti,^C mapped to TTa{cr) by tTq. Since 

TT[a.b}^C = 0, we can conclude that TTa{(T) has weight in TTa^Tr^TTh^C 

Now, the claim follows from the balancing condition. □ 

Lemma 9.4. Let C be a subcycle of a matroid variety B(A{f). Assume that B(M) ^ 
and that {a} is a flat for every a S E{M). IfiTa^iC) = for all a E E{M) 
which are not coloops of M, then A — Q. 

Proof. We choose a polyhedral structure C of C such that every cell of C is contained in a 
cone of B{M). Let J" = (0 C Fi C . . . C iV(A/)-i S ^{M)) be an arbitrary maximal 
chain of flats of M. We choose i such that l-F^+i \ Fi\ > 1 and a G i^^+i \ Fi. The 
maximality of F implies that a is not a coloop. As iTa is generically one-to-one (lemma 



3.8 1 and its restriction to {F) is injective, i^a^C = implies that there is no cell cr e C 
whose interior is contained in the interior of {F) . 

Now we assume there is a cell a of C whose interior is contained in the interior of a 
codimension 1 cone {g) of B{M). Let J" = (0 C Fi C . . . C F^i^m)-i £ E{M)) be a 
maximal superchain (of flats) of Q. As before we choose a e Fj+i \ Fi, with i satisfying 
|Fi+i \ Fi\ > 1. Only cells of C contained in {Q) or a facet adjacent to {Q) can potentially 
be mapped to Haio') by tTq. The first part of the proof thus implies that 

Continuing this way, we see that C = 0. □ 

Theorem 9.5. Every subcycle C of a variety B(M) / L is rationally equivalent to its reces- 
sion cycle 5{C). 



Proof. By proposition 9.1 it suffices to show the statement for matroid varieties B(M). 



We first consider the case where {a} is a flat for every a G E{M). We use induction on the 



codimension of B(il/): The induction start (B(Af) = M") was proved in | AR2 theorem 
7]. We show that C is rationally equivalent on B(M) to a fan cycle: After renaming the 
elements, we can assume that {1, . . . , fc} is the subset of elements of E{M) which are not 
coloops. For i S {1, . . . , fc} we set 

Co := C, Ci :— Cj_i ~ 7r*(7ri^Ci_i — (5(7ri^Ci_i)). 

By induction iTi^Ci-i is rationally equivalent to S{TTi^Ci-i). As pulling back preserves 
rational equivalence, it follows that C; is rationally equivalent to Ci_i. We set 

and 

Fo := 0, F,_i + <,5(^„iV,_i). 

It is easy to see that for all i the cycle F^ is a fan cycle, Ci — + Fi, and iTi^Ni — 0. 
Lemma [93] implies that TTj^TV^ — for all i; thus Nk = by lemma 9.4 Therefore, C is 



rationally equivalent to the fan cycle F^. As S{C) is the only fan cycle which is rationally 



equivalent to C on M" |AR2 lemma 6, theorem 7], we can conclude F^ = (5(C). 

The general case follows from the observation that the projection tt/j : B(M) — > B(Af\i?) 

is an isomorphism for i? = cIm ({a}) \a. □ 
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